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Abstract
We prove that the Cartan matrices of the symmetric artin algebras whose
Auslander-Reiten quivers admit a generalized standard stable tube are singular and
derive some consequences.
Introduction
In the paper, by an algebra is meant an artin algebra (associative, with an iden-
tity) over a commutative artin ring R. For an algebra A, we denote by mod A the
category of finitely generated right A-modules, by rad(mod A) the Jacobson radical of
mod A, and by rad∞(mod A) the intersection of all powers radi (mod A), for i ≥ 1, of
rad(mod A). For an algebra A, we denote by D : mod A → mod Aop the standard du-
ality HomR(−, I ), where I is a minimal injective cogenerator in mod R. Further, we
denote by 0A the Auslander-Reiten quiver of A, and by A the Auslander-Reiten trans-
lation D Tr. We will not distinguish between an indecomposable module from mod A
and the vertex of 0A corresponding to it. A component in 0A of the form ZA∞=( r ),
r ≥ 1, is called a stable tube of rank r . Therefore, a stable tube of rank r in 0A is
an infinite component consisting of A-periodic indecomposable A-modules having pe-
riod r . An algebra A is called selfinjective if the projective A-modules are injective.
A distinguished class of selfinjective algebras is formed by the symmetric algebras for
which A ∼= D(A) as A-A-bimodules. We also mention that, for an arbitrary algebra
B, the trivial extension T(B) = B ⋉ D(B) of B by the injective cogenerator D(B) is a
symmetric algebra.
The Auslander-Reiten quiver is an important combinatorial and homological in-
variant of the module category mod A of an algebra A, and frequently we may recover
A and mod A from the behaviour of distinguished components of 0A in the category
mod A. Following [21], a component C of 0A is called generalized standard if
rad∞(X , Y ) = 0 for all modules X and Y in C . In the paper, we are concerned with the
problem of describing the structure of selfinjective algebras A for which the Auslander-
Reiten quiver 0A admits a generalized standard component, raised in [22, Problem 7].
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The structure of all selfinjective algebras A with 0A having a nonperiodic generalized
standard component has been described completely in [27], [28]. On the other hand,
the structure of selfinjective algebras A with 0A having a periodic generalized standard
component is still only emerging (see [6], [7], [8], [9], [13], [15], [16], [25], [26] for
some recent results in this direction).
In this paper, we are interested in the structure of symmetric algebras for which
the Auslander-Reiten quiver admits a generalized standard stable tube. This is a wide
class of symmetric algebras containing the trivial extensions T(B) of all quasitilted al-
gebras B of canonical type over an algebraically closed field (see [1], [14], [15], [17]).
We also note that an arbitrary basic finite dimensional algebra B over a field is a factor
algebra of a symmetric algebra A with 0A having a generalized standard stable tube
(see [25]).
The paper is organized as follows. In the preliminary Section 1 we present some
facts on generalized standard stable tubes needed in the proof of the main result. In
Section 2 we prove the main result and derive some consequences. In Section 3 we
present some relevant examples illustrating our considerations.
For basic background on the representation theory of algebras applied here we re-
fer to [2], [3], [4].
1. Stable tubes
Let A be an algebra. A module X in mod A is said to be a brick if EndA(X )
is a division algebra. Two modules X and Y in mod A with HomA(X , Y ) = 0 and
HomA(Y , X ) = 0 are said to be orthogonal. For a stable tube T of 0A the unique
A-orbit of T formed by the modules having exactly one predecessor and exactly one
successor is called the mouth of T .
The following characterization of generalized standard stable tubes will be critical
for our considerations.
Theorem 1.1. Let A be an algebra and T be a stable tube of 0A. The following
conditions are equivalent:
(i) T is generalized standard.
(ii) The mouth of T consists of pairwise orthogonal bricks.
Proof. This is a part of the characterization of generalized standard stable tubes
given in [21, Corollary 5.3]. In fact, in [21] only the implication (ii) ⇒ (i) was proved
in details. Because in the proof of our main result the implication (i) ⇒ (ii) is essential-
ly needed, we give here its detailed proof (compare the proof of [23, Proposition 3.5]).
Assume T is a generalized standard stable tube in 0A and let r be the rank of T .
Denote by E1, E2, : : : , Er the modules lying on the mouth of T . We may assume that
Ei = A Ei+1 for any i ∈ {1, : : : , r}, where Er+1 = E1. Then, for any i ∈ {1, : : : , r},
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we have in T an infinite sectional path
Ei = Ei [1] → Ei [2] → · · · → Ei [ j] → Ei [ j + 1] → · · ·
called the ray of T starting at the mouth module Ei . Observe that every indecomposable
module in T is of the form Ei [ j], for some i ∈ {1, : : : , r} and some j ≥ 1. Moreover,
we have in mod A almost split sequences
0 → Ei [1] → Ei [2] → Ei+1[1] → 0,
0 → Ei [ j] → Ei [ j + 1]⊕ Ei+1[ j − 1] → Ei+1[ j] → 0,
for i ∈ {1, : : : , r} and j ≥ 2, where Er+1[ j] = E1[ j]. Then we may choose irreducible
monomorphisms ui j : Ei [ j − 1] → Ei [ j] and irreducible epimorphisms pi j : Ei [ j] →
Ei+1[ j−1] such that pi2ui2 ∈ rad3(mod A) and pi j+1ui j+1−ui+1 j pi j ∈ rad3(mod A) for
i ∈ {1, : : : , r} and j ≥ 2. Observe also that, for any irreducible morphism f : X → Y
with X and Y from T , there are automorphisms b : X → X and c : Y → Y such that
f ∗b + rad2(X , Y ) = f + rad2(X , Y ) = c f ∗ + rad2(X , Y ),
where f ∗ : X → Y is the irreducible morphism of the form ui j or pi j chosen above.
This follows from the fact that
dimF(X ) rad(X , Y )=rad2(X , Y ) = 1 and dim rad(X , Y )=rad2(X , Y )F(Y ) = 1
where F(X ) = EndA(X )=rad(EndA(X )) and F(Y ) = EndA(Y )=rad(EndA(Y )). We note also
that a morphism f : X → Y between indecomposable modules in mod A is irreducible if
and only if f ∈ rad(X , Y ) \ rad2(X , Y ) (see [3, Proposition V.7.3]). Moreover, for any
modules X and Y in mod A, there exists an integer n such that radn(X , Y ) = rad∞(X , Y )
(see [3, Lemma V.7.2]). Therefore, because the stable tube T is generalized standard,
any nonisomorphism g: M → N with M and N from T is of the form g = g1 + · · ·+gt ,
where g1, : : : , gt (for some t ≥ 1) are compositions of irreducible morphisms between
indecomposable modules of the tube T .
Let Ei and Ek , with i , k ∈ {1, : : : , r}, be two modules on the mouth of T . We
may assume that i ≤ k, and hence Ei =  sA Ek for s = k − i ≥ 0. We will show that
rad(Ei , Ek) = 0. Observe that any nontrivial path in T from Ei to Ek is of length
2s + 2rl for some l ≥ 0. In particular, we have
rad(Ei , Ek) = rad2s(Ei , Ek), if i 6= k,
rad(Ei , Ek) = rad2r (Ei , Ek), if i = k,
and
rad2s+2rl+1(Ei , Ek) = rad2s+2r (l+1)(Ei , Ek), for any l ≥ 0.
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Moreover, we have radm(Ei , Ek) = rad∞(Ei , Ek) = 0 for some m ≥ 1. Therefore, it is
enough to show that radp(Ei , Ek) ⊆ radp+1(Ei , Ek) for any p ∈ {1, : : : , m − 1}. Take
p ∈ {1, : : : , m− 1}. We may assume that p ≥ 2s (for i 6= k) or p ≥ 2r (for i = k). Let
h be a nonzero morphism from radp(Ei , Ek). Observe that radp(mod A) is a left ideal
of mod A generated by the compositions of p irreducible morphisms in mod A. Hence
h = h1 + · · ·+ hd , for some d ≥ 1, where each ht is the composition ht = ht qt · · ·ht 2 ht 1
of a sequence of irreducible morphisms
Ei = X t 1
ht 1→ X t 2 ht 2−→ · · · → X t qt
ht qt−−→ X t qt +1 = Ek
with qt ≥ p. Then, for each t ∈ {1, : : : , d}, there exists jt ∈ {2, : : : , qt } such that
X t jt = Ei [ jt ] and X t jt +1 = Ei+1[ jt −1]. Then there is an automorphism ai of Ei = Ei [1]
such that
ht + radp+1(Ei , Ek) = ht qt · · · ht jt +1 pi jt ui jt · · · ui 2 a + radp+1(Ei , Ek)
= ±ht qt · · · ht jt +1ui+1 jt−1 · · · pi 2 ui 2 a + radp+1(Ei , Ek)
= 0 + radp+1(Ei , Ek),
because pi 2 ui 2 ∈ rad3(mod A). Hence ht ∈ radp+1(Ei , Ek). This shows that h = h1 +
· · · + hd ∈ radp+1(Ei , Ek). Hence, by induction on p, we conclude that rad(Ei , Ek) =
radm(Ei , Ek) = rad∞(Ei , Ek) = 0. Therefore, the mouth of T consists of pairwise or-
thogonal bricks. Hence (i) implies (ii).
We mention also that if R is an algebraically closed field K , then a stable tube
T of 0A is generalized standard if and only if T is standard in the sense of [19] (see
[24, Lemma 1.3]), that is, the full subcategory of mod A given by the modules of T
is equivalent to the mesh category K (T ) of T .
We need also the following fact.
Lemma 1.2. Let A be a selfinjective algebra and T be a stable tube of 0A.
Then the mouth of T contains at least one nonsimple module.
Proof. We may assume that A is an indecomposable algebra. Let r be the rank
of T and E1, : : : , Er be the modules lying on the mouth of T with Ei = A Ei+1 for
i ∈ {1, : : : , r} and Er+1 = E1. Assume that the modules E1, : : : , Er are simple. For each
i ∈ {1, : : : , r}, denote by Pi the projective cover of Ei in mod A. Consider the syzygy
functor A: mod A → mod A on the stable category mod A of mod A, which assigns to
any object M of mod A the kernel A(M) of the projective cover P(M) → M of M in
mod A. Then A induces an automorphism of the stable Auslander-Reiten quiver 0sA
of A (see [3, Corollary X.1.10]). Hence the syzygies A(E1) = rad P1, : : : , A(Er ) =
rad Pr of the simple modules E1, : : : , Er form the mouth of a stable tube of 0sA with
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rad Pi = A(rad Pi+1) for i ∈ {1, : : : , r}, and Pr+1 = P1. Applying now the shape of al-
most split sequences with the middle term having projective-injective direct summand
(see [3, Proposition V.5.5]), we conclude that Pi=soc Pi ∼= rad Pi+1 for all i ∈ {1, : : : , r}.
This implies that P1, : : : , Pr are uniserial modules with the simple composition fac-
tors from the family E1, : : : , Er of simple modules. Therefore, A is a selfinjective
Nakayama algebra and P1, : : : , Pr is a complete set of pairwise nonisomorphic in-
decomposable projective A-module. In particular, A is of finite representation type.
But this contradicts the fact that T is an infinite component of 0A.
2. The main result
Let A be an algebra and P1, P2, : : : , Pn be a complete set of representatives of
isomorphism classes of indecomposable projective A-modules. Then S1 = P1=rad P1,
S2 = P2=rad P2, : : : , Sn = Pn=rad Pn is a complete set of representatives of isomorphism
classes of simple A-modules. For a module M in mod A, denote by [M] the image of
M in the Grothendieck group K0(A) of A. Then [S1], [S2], : : : , [Sn] is a Z-basis of
K0(A). Moreover, if M is a module in mod A and [M] = m1[S1]+m2[S2]+ · · ·+mn[Sn]
with m1, m2, : : : , mn ∈ Z, then m1, m2, : : : , mn are the multiplicities of the simple
modules S1, S2, : : : , Sm as composition factors of M . For i , j ∈ {1, : : : , n}, denote by
ci j the multiplicity of the simple module Si as a composition factor of Pj . Then the
integral n × n-matrix CA = (ci j ) is called the Cartan matrix of A (see [4, (1.7.9)]).
Theorem 2.1. Let A be a symmetric algebra such that the Auslander-Reiten
quiver 0A admits a generalized standard stable tube. Then the Cartan matrix CA of
A is singular.
Proof. Let T be a generalized standard stable tube in 0A and r be the rank of
T . Let E1, : : : , Er be the modules lying on the mouth of T with Ei = A Ei+1, for
i ∈ {1, : : : , r}, Er+1 = E1. Take the module E = E1⊕ · · ·⊕ Er . Observe that E = A E .
Since A is a symmetric algebra, we have A E ∼= 2A E (see [3, Proposition IV.3.8]).
Therefore, we obtain an exact sequence
0 → E → P1(E) → P0(E) → E → 0
where P0(E) is the projective cover of E and P1(E) is the injective envelope of E in
mod A. This leads to the equality
[P1(E)] = [P0(E)]
in the Grothendieck group K0(A).
Let P1, P2, : : : , Pn be a complete set of pairwise nonisomorphic indecomposable
projective A-modules, and
P1(E) = m1 P1 ⊕ · · · ⊕ mn Pn , P0(E) = s1 P1 ⊕ · · · ⊕ sn Pn
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be decompositions of P1(E) and P0(E) into direct sums of indecomposable modules,
where, for a module M and m ≥ 0, mM denotes the direct sum of m copies of M .
Therefore, we obtain the equality
m1[P1] + · · · + mn[Pn] = s1[P1] + · · · + sn[Pn]
in K0(A).
Assume now that the Cartan matrix CA = (ci j ) is nonsingular. Let S1, S2, : : : , Sn
be the simple A-modules with Si = Pi=rad Pi for any i ∈ {1, : : : , n}. Observe that
[Pj ] = c1 j [S1] + c2 j [S2] + · · · + cnj [Sn]
for any j ∈ {1, : : : , n}. Because CA is nonsingular, the columns
C j = [c1 j , c2 j , : : : , cnj ]t , j = 1, : : : , n,
of CA are independent in Zn , and consequently we obtain m1 = s1, m2 = s2, : : : , mn =
sn . Therefore, P1(E) ∼= P0(E) in mod A. This implies that soc E ∼= E=rad E = top E .
It follows from Lemma 1.2 that there is i ∈ {1, : : : , r} such that Ei is not simple.
Then rad Ei 6= 0 and let S be a simple direct summand of top Ei . Because soc E ∼=
top E , there exists k ∈ {1, : : : , r} such that S is a direct summand of soc Ek . Then the
composed morphism
Ei → top Ei → S → soc Ek → Ek
is a nonzero morphism in rad(Ei , Ek). On the other hand, by Theorem 1.1, the gener-
alized standardness of the stable tube T implies that E1, : : :, Er are pairwise orthogonal
bricks, or equivalently rad(E , E) = 0. Therefore, the Cartan matrix CA is singular.
By the remarkable theorem due to R. Brauer (see [4, Theorem 5.4.3]) the deter-
minant of the Cartan matrix of a group algebra K G of a finite group G over a field
K of characteristic p > 0 is a power of p. Therefore, we obtain the following fact.
Corollary 2.2. Let K be a field of characteristic p > 0, G a finite group, A =
K G and T a stable tube of 0A. Then T is not generalized standard.
We note that a group algebra K G of infinite representation type has many stable
tubes (see [10], [11]).
Let B be an algebra with nonsingular Cartan matrix CB . We may then consider
the Coxeter matrix 8B = −C tBC−1B of B. We note that the Cartan matrix of any algebra
of finite global dimension is nonsingular (see [2, Proposition II.3.10] or [19, p.70]).
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Corollary 2.3. Let B be an algebra with nonsingular Cartan matrix CB and
T(B) = B ⋉ D(B) be the trivial extension of B by D(B). Assume that the Auslander-
Reiten quiver 0T(B) of T(B) admits a generalized standard stable tube. Then 1 is an
eigenvalue of the Coxeter matrix 8B of B.
Proof. Since T(B) is a symmetric algebra, applying Theorem 2.1, we conclude
that the Cartan matrix CT(B) of T(B) is singular. On the other hand, it has been ob-
served in [12, Proposition 8.2] that
det CT(B) = (−1)n det CB det(8B − In),
where n is the rank of K0(A) and In is the identity matrix of degree n. Hence, we
obtain det(8B − In) = 0, and consequently 1 is an eigenvalue of 8B .
The problem of describing the selfinjective algebras with the Auslander-Reiten
quiver having a generalized standard stable tube is strongly related to the problem (see
[22, Problem 3]) of describing the algebras with the Auslander-Reiten quiver having a
faithful generalized standard stable tube. Namely, if T is a generalized standard stable
tube of an Auslander-Reiten quiver 0A and ann T is the annihilator of T in A (the
intersection of the annihilators of all modules in T ) then T is a faithful generalized
standard stable tube of 0A=ann C . We also note that all modules in a faithful gener-
alized standard stable tube T of an Auslander-Reiten quiver 0A have the projective
dimension one and the injective dimension one (see [21, Lemma 5.9]).
3. Examples
The aim of this section is to present some examples relevant to considerations in
Section 2.
We first exhibit an algebra C having singular Cartan matrix and a generalized stan-
dard stable tube in the Auslander-Reiten quiver 0T(C) of its trivial extension T(C).
EXAMPLE 3.1. Let K be an algebraically closed field. Consider the bound quiver
algebra C = K Q=I where Q is the quiver
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and I is the ideal in the path algebra K Q of Q generated by the elements ,  ,
 , ,  −  ,  − , and "% − . Then C is a generalized canonical
algebra in the sense of [24, Section 2]. Indeed, let B0 be the path algebra K1(0) of
the quiver
1
(0) : 4 K
Æ 1
and B1 = K1(1)=I (1), where 1(1) is the quiver obtained from Q by deleting the arrow
Æ and I (1) is the ideal in K1(1) generated by the same elements as I . Consider also
the path algebra H = K6, where 6 is the Kronecker quiver
2

K

K3.
Then the trivial extension algebra B = T(H ) of H is the bound quiver algebra K0=J
where 0 is the quiver
and J is the ideal in K0 generated by ,  ,  , ,  −  ,  − . Fol-
lowing notation of [24, Corollary 2.5] consider the one-point extension
B ′ = B[M] =
[
K M
0 B
]
of B by the faithful B-module M = BB . Then B ′ is a basic connected algebra having
an indecomposable projective faithful module Q with rad Q ∼= M . Then the algebra B1
(defined above) is the one-point coextension
B1 = B ′′ = [Q]B ′ =
[
B ′ D(Q)
0 K
]
,
the indecomposable projective B1-module P(4) at the vertex 4 is faithful and coincides
with the indecomposable injective B1-module I (1) at the vertex 1. Then, by [24, Corol-
lary 2.5], C is the generalized canonical algebra obtained from the algebras B0 and B1
by glueing their bound quivers at the vertices 1 and 4. Then it follows from [24, Theo-
rem 2.1] that 0C admits an infinite family of pairwise orthogonal faithful (generalized)
standard stable tubes. Then, by [16, Corollary 1.3], 0T(C) also admits an infinite fam-
ily of pairwise orthogonal (generalized) standard stable tubes. Observe also that the
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Cartan matrix of C is of the form 
1 4 4 2
0 2 2 4
0 2 2 4
0 0 0 1

in the natural ordering P(1), P(2), P(3), P(4) of indecomposable projective C-modules,
and is singular. We also mention that C is of infinite global dimension, because the sim-
ple modules S(2) and S(3) at the vertices 2 and 3 are of infinite projective dimension.
EXAMPLE 3.2. Let B be a concealed generalized canonical algebra over an al-
gebraically closed field K , introduced in [16, Section 3]. Recall that B is an alge-
bra of the form EndC (T ), where C is a generalized canonical algebra, defined in [24,
Section 2], and T is a tilting C-module cogenerated by the canonical family T C of
pairwise orthogonal faithful (generalized) standard stable tubes of 0C . Then, by [16,
Theorem 1.1], the Auslander-Reiten quiver 0B of B admits a canonical family T B of
pairwise orthogonal faithful (generalized) standard stable tubes. Consider a selfinjective
algebra A of the form A = ˆB=(' ˆB), where ˆB is the repetitive algebra of B,  ˆB is
the Nakayama automorphism of ˆB and ' is a positive automorphism of ˆB. We note
that the induced Galois covering ˆB → ˆB=(' ˆB) = A is a positive Galois covering in
the sense of [29]. It has been proved in [16, Theorem 1.2] that the Auslander-Reiten
quiver 0A of A admits an infinite family of pairwise orthogonal (generalized) standard
stable tubes. We also note that A is symmetric if and only if A ∼= T(B) (see [18,
Theorem 2]). Therefore, if ' is a strictly positive automorphism of ˆB, then A is a
nonsymmetric selfinjective algebra with 0A having an infinite family of (generalized)
standard stable tubes. We refer to [18], [26] and [29] for more details on selfinjective
orbit algebras of repetitive algebras.
Assume now that B is of finite global dimension, and hence the Coxeter matrix
8B is defined. We note that this is the case if the generalized canonical algebra C is of
finite global dimension. We know from [16, Section 4] that 0B admits a faithful gen-
eralized standard stable tube T of rank one. Then HomB(T , BB) = 0 and pdB X ≤ 1 for
any module X in T (see [21, Lemma 5.9]). Take a module X in T . Since B is a ba-
sic algebra, [X ] is the dimension vector dim X of X , under the canonical identification
K0(A) = Zn . Applying now [2, Corollary IV.2.9], we conclude that dim X = dim A X =
8B dim X , and consequently dim X is an eigenvector of 8B with eigenvalue 1.
For each m ≥ 2, consider the selfinjective orbit algebra 3(m)B = ˆB=(mˆB ). It follows
from [12, Proposition 8.2] that the determinant of 3(m)B is of the form
(−1)mn(det CB)m
m∏
r=1
det(8B − "r In)
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where "1, : : : , "m are distinct m-th roots of unity, and In is the identity matrix of de-
gree n.
Therefore, for any concealed generalized canonical algebra B of finite global di-
mension, the algebras 3(m)B , m ≥ 2, are nonsymmetric selfinjective algebras with singu-
lar Cartan matrices and the Auslander-Reiten quivers having generalized standard stable
tubes.
In the final example we show that there exist nonsymmetric selfinjective algebras
with nonsingular Cartan matrices for which the Auslander-Reiten quiver admits a gen-
eralized standard stable tube. This will show that the symmetricity assumption is nec-
essary for the validity of Theorem 2.1.
EXAMPLE 3.3. Let K be an algebraically closed field. Consider the bound quiver
algebra B = K Q=I where Q is the quiver
7
K
3
8
K
3
K
3
6
K
2
K
2
5
K
2
3
K
1
4
K
1
K
1
2 1
and I is the ideal in the path algebra K Q of Q generated by the elements 321,
21 − 21, 32 − 32. Then B is the exceptional (in the sense of [20, (3.2)])
tubular algebra B4 of tubular type (3, 3, 3) presented in [7, Theorem 2.2]. It follows
from [7, Section 3] that the Nakayama automorphism  ˆB of ˆB admits a 4-root '. For
each i ≥ 1, consider the selfinjective orbit algebra (i )B = ˆB=('i ), and note that (4)B =
ˆB=( ˆB) = T(B). It follows from the theory of selfinjective algebras of tubular type (see
[6], [17], [20]) that, for i ≥ 4, the Auslander-Reiten quiver of (i )B admits an infinite
family of generalized standard stable tubes. On the other hand, from the description
of the determinants of Cartan matrices of selfinjective algebras of tubular type given in
[5, Theorem], we know that, in the considered case, we have
det C

(i)
B
=

6 if i ≡ ±1 (mod 6)
12 if i ≡ ±2 (mod 12)
0 in other case
.
In particular, taking A = (5)B , we conclude that A is a nonsymmetric selfinjective al-
gebra with det CA = 6 and the Auslander-Reiten quiver 0A having an infinite family of
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generalized standard stable tubes. In fact, A is the bound quiver algebra K1=J where
1 is the quiver
and J is the ideal in K1 generated by the elements i+2i+1i , i+1i − i+1i , for
i ∈ {1, : : : , 5} with 6 = 1, 6 = 1, 7 = 2. Moreover, the Cartan matrix CA is of
the form (in the canonical numbering of indecomposable projective A-modules)

1 0 0 1 1 1 0 1 1 0
0 1 1 1 1 1 1 1 0 1
1 0 1 0 0 1 1 1 0 1
0 1 0 1 1 1 1 1 1 1
0 1 1 0 1 0 0 1 1 1
1 1 0 1 0 1 1 1 1 1
1 1 0 1 1 0 1 0 0 1
1 1 1 1 0 1 0 1 1 1
0 1 1 1 0 1 1 0 1 0
1 1 1 1 1 1 0 1 0 1

.
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